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INTRODUCTION
Ž .We recall that a ring R with identity is said to be of finite representa-
tion type if it is right artinian and has only finitely many isomorphism
Ž . Žclasses of finitely generated indecomposable right and left modules see
 .3, 35 . A right module M over any ring R is of finite endolength if it has
 finite length as a left module over its endomorphism ring 10 . This
concept can also be defined for objects in arbitrary locally finitely pre-
 sented additive categories 13 . Modules of finite endolength have at-
tracted much attention in recent years because of their applications in
Ž representation theory of artinian rings and algebras see, e.g., 10, 11, 28,
.31 . In particular, it is known that a ring R is of finite representation type
Ž  .if and only if every right R-module is of finite endolength see 10, 51 .
 Auslander 3 implicitly defined a Grothendieck category to be of finite
representation type if it is locally finite and has only finitely many noniso-
morphic finitely generated indecomposable objects. Generalizing this con-
cept, we define a locally finitely presented additive category A to be of
locally finite representation type if every finitely presented object of A is of
finite endolength, and for every finitely presented object M of A there are
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only finitely many nonisomorphic finitely presented indecomposable ob-
Ž .jects X in A such that Hom M, X  0. The purpose of this paper is to
give a systematic study of categories of locally finite representation type,
 extending the classical theory developed in 3 . We will see that there are
many interesting examples of categories of locally finite representation
type that need not be abelian categories, and may have infinitely many
nonisomorphic finitely presented indecomposable objects.
Our paper is organized as follows. In the first section, we collect some
basic facts on locally finitely presented additive categories, their functor
rings, and objects of finite endolength. We show that there is a bijection
between equivalence classes of locally finitely presented additive cate-
gories and Morita equivalence classes of rings with enough idempotents. In
the second section, we introduce the concept of the pseudodual category of
a given category, a notion that will be useful for establishing duality
results. In particular, we obtain a duality theorem for rings with enough
idempotents which is a generalization of Gruson and Jensen’s duality
   theorem 25 . Simson’s duality principle 39, 42 for left pure semisimple
rings is also generalized for an arbitrary pure semisimple Grothendieck
category.
In the third section, additive categories of locally finite representation
type are studied, and we show that these are precisely the additive
categories in which every object is of finite endolength or, equivalently, the
additive categories whose functor rings are left locally finite. As a conse-
 quence of our results, we deduce Auslander’s characterization 3 of those
additive categories whose functor rings are right locally finite. We also
show that additive categories of locally finite representation type are pure
semisimple. It is also observed in Proposition 3.8 that our definition of a
category of locally finite representation type extends the notion of a locally
 representation-finite category introduced by Gabriel 21 .
In the fourth section, we discuss Grothendieck categories of locally
finite representation type and obtain new interesting features. In particu-
lar, such categories must be locally finite and have many nice properties
that are similar to those of categories of finite representation type studied
 in 3 . In contrast, the functor ring of a Grothendieck category of locally
finite representation type need not be right locally finite, and hence the
artinian condition on nonisomorphisms between finitely generated inde-
composable objects may not hold in these categories. Furthermore, we
show that a locally finite representation type Grothendieck category A has
a right locally finite functor ring if and only if A has enough projective
objects, and in this case A will be equivalent to the category of unitary
Ž .right modules over a ring with enough idempotents.
In the last section, we study rings with enough idempotents which are
pure semisimple or of locally finite representation type. It is shown that for
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rings with enough idempotents, the property of being of locally finite
representation type is leftright symmetric and is equivalent to being pure
semisimple on both sides. Finally, we prove a criterion for a left pure
semisimple ring with enough idempotents to be of locally finite representa-
 tion type, which generalizes a result of Herzog 27 on left pure semisimple
rings with identity.
1. LOCALLY FINITELY PRESENTED ADDITIVE CATEGORIES
We start by recalling the concept of a locally finitely presented additive
 category, introduced by Crawley-Boevey 13 . Let A be an additive cate-
gory with direct limits. An object X in A is finitely presented provided the
Ž .functor Hom X,  : AAb to abelian groups preserves direct limits.
The category A is said to be a locally finitely presented additie category
Ž . Ž .locally f.p. additive category, for short in case the subcategory fp A of
all the finitely presented objects of A is skeletally small and every object of
A is a direct limit of finitely presented objects of A. An abelian category A
is locally f.p. if and only if it is a Grothendieck category with a generating
Ž  .  set of finitely presented objects see, e.g., 13, 2.4 . We refer to 2, 49, 50
for general properties of rings, modules, and categories, and refer to 5, 34,
44 for representation-theoretic terminology and background.
Our first goal is to show that locally f.p. additive categories correspond
 exactly to rings with enough idempotents. Recall from Fuller 18 that a
Ž . Žring R possibly without 1 is a ring with enough idempotents from now on,
.we shall simply say a ring if it contains a family of pairwise orthogonal
 4elements e such that 
R Re  e R .  
 
The basic example of a ring with enough idempotents is the following: let
 4X be any set of finitely presented objects of a locally f.p. additive 
category. Then the set of all endomorphisms  of X X such that
Ž . X  0 except possibly for finitely many indices , is a ring with
Ž .the natural sum and product. This ring is called the Gabriel functor ring
 4 Ž  .of the family X see 20, 22 . The identities on each summand X are 
Ž .the canonical idempotents. If R is a ring, then Mod R denotes the
category of all unitary right R-modules, i.e., modules M such thatR
Ž op.MMR. Similarly, Mod R denotes the category of all unitary left
R-modules. Recall that a Grothendieck category A is locally finite if A has
Ža generating family of objects of finite length. A ring R with enough
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. Ž .idempotents is said to be left right locally finite provided the category
Ž op. Ž Ž ..Mod R respectively, Mod R is locally finite.
To state our first result, we need the following definition. Let A be a
 4locally f.p. additive category. A family N of finitely presented objects 
of A is said to be a strong generating family in case every finitely presented
object of A is isomorphic to a direct summand of a finite direct sum of
 4 Ž .objects of the family N . If R is a ring, then Fl R denotes the full 
Ž .subcategory of Mod R consisting of all the flat right R-modules.
Ž .THEOREM 1.1. The mapping R Fl R induces a one-to-one correspon-
dence between:
Ž . Ž .a Morita equialence classes of rings with enough idempotents R;
Ž .b Equialence classes of locally finitely presented additie categories.
The inerse correspondence is the following: gien the locally finitely presented
 4additie category A, let N be any strong generating family. Then we 
 4attach to A the functor ring R of the family N . 
Ž .Moreoer, the subcategory of all finitely presented objects of Fl R is
Ž .equialent to the category proj R of all finitely generated projectie right
R-modules.
Ž .Proof. We remark first that if R is a ring, then Fl R is a locally f.p.
additive category. It is clear that it is additive and that direct systems of
Ž .flat right R-modules have direct limits in Fl R . Also, each e R is a finitely
Ž . Ž .presented object of Fl R . On the other hand, let X Fl R be any
finitely presented object. Since X is flat, it is a direct limit of finitely
presented projective right R-modules
X lim Ni
Ž .and this is also a direct limit in Fl R . Thus
Hom X , lim N  lim Hom X , NŽ .ž /i i 
and hence the identity morphism X X factors through some of the N .i
This means that X is isomorphic to a direct summand of some N ; hence,i
X is a finitely generated projective module. Therefore, the category
Ž Ž .. Ž .fp Fl R coincides with the category proj R of all the finitely generated
projective right R-modules. In particular, this shows that it is skeletally
Ž .small. It also implies that every object of Fl R is a direct limit of finitely
Ž .presented objects. By the definition, Fl R is a locally f.p. additive cate-
gory.
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Now, it is clear that if R and S are Morita equivalent rings, then the
equivalence sends flat right R-modules to flat right S-modules. This means
Ž .that the assignment R Fl R sends Morita equivalence classes of rings
to equivalence classes of locally f.p. additive categories.
We show next that the mapping is injective. Suppose that R and S are
Ž . Ž .rings such that there is an equivalence Fl R  Fl S . Then we may follow
 the arguments in 23, Theorem 3.3 to obtain that R and S are Morita
equivalent rings.
Finally, the mapping is also surjective: if A is any locally f.p. additive
 4 Žcategory, let N be a strong generating family of A for example, the 
.family of isomorphism classes of all finitely presented objects and let R
be the Gabriel functor ring of that family. Then, arguments similar to
  Ž .those in 13, 1.4 show that A is equivalent to the category Fl R .
Given a locally f.p. additive category A, we shall call the corresponding
ring R the functor ring of A, and clearly R is uniquely determined up to
Morita equivalence. There are some interesting particular cases. Specially,
we mention that a locally f.p. additive category A has products if and only
Ž  .if its associated functor ring R is left locally coherent cf. 13, 2.1 , and
 this is called an exactly definable category in 32 . Moreover, R is left locally
coherent and the weak global dimension of R is at most 2 if and only if the
Ž . Ž .‘‘inclusion’’ functor from A Fl R to Mod R has a left adjoint, which
means that each unitary right R-module has a functorial flat envelope.
 Recall from 23 that a ring with enough idempotents R is called right
Ž .panoramic if the category Fl R of unitary flat right R-modules is a
Grothendieck category. Hence an additive category A is a Grothendieck
category if and only if its functor ring R is a right panoramic ring. We
 refer to 23 for several characterizations and properties of right panoramic
rings.
We recall now the definition and some basic properties of objects of
 finite endolength in a locally f.p. additive category A. Following 13 , an
Ž .object M is said to be of finite endolength or briefly endofinite if for each
Ž .finitely presented object N in A, the abelian group Hom N, M is of finite
length as a left S-module, S being the endomorphism ring of M.
We observe the following simple, but useful, fact.
PROPOSITION 1.2. Let A be a locally finitely presented additie category
with its functor ring R and let M be an object in A. Then M is endofinite as an
Ž .object of A Fl R if and only if M is endofinite as a right R-module.
Ž .Proof. Let S End M . It is clear that M is endofinite as an object of
Ž . Ž .Fl R if and only if Hom N, M is of finite length as a left S-module for
Ž .every finitely presented object N of Fl R , i.e., for every finitely generated
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projective right R-module N. In particular, if M is endofinite as a right
Ž .R-module, then it is endofinite as an object of Fl R .
Ž .Conversely, assume that M is endofinite as an object of Fl R . Let N be
any finitely presented right R-module. There is an epimorphism PN,
Ž .where P is finitely generated projective. Because Hom P, M is of finiteS
Ž . Ž .length and Hom N, M is a submodule of Hom P, M , it follows thatS S
Ž .Hom N, M is also of finite length. This proves that M is endofinite as aS
right R-module.
The above proposition allows us to transfer characterizations and prop-
erties of modules of finite endolength to objects of finite endolength in an
arbitrary locally f.p. additive category A. For instance, we have the follow-
ing result.
PROPOSITION 1.3. Let A be a locally finitely presented additie category.
The class of objects of finite endolength in A is closed under direct summands,
Ž .finite direct sums, arbitrary direct products if the category A has products ,
and direct sums of copies of one object.
Proof. This result is known to hold for modules over unital rings 11,
Proposition 4.3 and it is easy to check that it is true for unitary modules
over rings with enough idempotents. Then, by Proposition 1.2, this also
Ž holds for objects of locally f.p. additive categories cf. also Krause 32, Sect.
.10 .
The next result will be needed in the sequel.
PROPOSITION 1.4. Let M M be a direct sum of indecomposableiI
objects M in a locally finitely presented additie category A. Then M isi
endofinite if and only if each indecomposable object M is endofinite and fori
eery finitely presented object N of A there are only finitely many isomorphism
Ž .classes among the objects M such that Hom N, M  0.i i
Proof. This follows by Proposition 1.2 from the same property, re-
stricted to modules over rings with enough idempotents. Now this last
property is only a variation of the analogous result for modules over unital
 rings in 11, 4.5 .
 As in 13 , we can define the concepts of pure-exact sequences, pure-in-
jectie objects, and pure-projectie objects in an arbitrary locally f.p. addi-
tive category, generalizing the corresponding notions for modules. An
object X is called -pure injectie if every direct sum of copies of M is
pure injective. We have that if an object X is endofinite, then it is -pure
Ž  .injective see 13, p. 1661 .
  Ž  .Following 39 cf. 13 , a locally f.p. additive category A is pure
semisimple if every object of A is pure projective or, equivalently, if every
DUNG AND GARCIA´206
object of A is pure injective. A is said to be a KrullSchmidt category if
every finitely presented object of A is a finite direct sum of indecompos-
 able objects, each with local endomorphism ring. Following Auslander 3 ,
 4a family F M  i I of finitely generated indecomposable R-modulesi
Ž .is said to satisfy the artinian respectively, noetherian condition on noniso-
morphisms if for any sequence of nonisomorphisms
f f fn 2 1
M  M Mi i in 2 1
f f f1 2 n
respectively, M M   M  i i iž /1 2 n
with M  F, there is a natural number n such that f f  f  0i 1 2 nk
Ž .respectively, f  f f  0 .n 2 1
We have the following characterization of pure semisimple locally f.p.
   additive categories. The reader is referred to 18 and 50 for the concept
Ž .of right or left perfect rings with enough idempotents.
 PROPOSITION 1.5 13, 37, 40 . The following conditions are equialent for
a locally finitely presented additie category A.
Ž .1 A is pure semisimple.
Ž .2 The functor ring R of A is right perfect.
Ž .3 A is a KrullSchmidt category and A satisfies the noetherian
condition on nonisomorphisms between finitely presented indecomposable
objects.
Pure semisimple Grothendieck categories have been studied extensively
Ž  .in the literature see, e.g., 24, 3741, 43, 52 . We give below an example
of a pure semisimple locally f.p. additive category that need not be abelian.
EXAMPLE 1.6. Let M be any -pure injective right module over a ring
Ž .R. Let A be the full subcategory of Mod R consisting of direct summands
of direct products of copies of M. Then A is a pure semisimple locally f.p.
additive category. In fact, the family of all the indecomposable summands
of direct products of copies of M forms the family of all finitely presented
Ž  .indecomposable objects of A cf. 32, Corollary 9.8 . Clearly, A need not
be an abelian category.
We conclude this section with a characterization of locally f.p. additive
categories whose functor rings are two-sided perfect.
PROPOSITION 1.7. The following conditions are equialent for a locally
finitely presented additie category A.
Ž .1 The functor ring R of A is left and right perfect;
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Ž .2 A is a KrullSchmidt category and A satisfies the artinian and the
noetherian conditions on nonisomorphisms between finitely presented inde-
composable objects.
Proof. In view of Proposition 1.5, it is enough to show that if A is a
KrullSchmidt category, then R is left perfect if and only if A satisfies the
artinian condition on nonisomorphisms.
We may assume that R is the functor ring of the finitely presented
indecomposable objects of A. Let f : NN  be a homomorphism be-
tween finitely presented indecomposable objects of A. Then f ef R
Ž . Ž .for some primitive idempotent e. Thus f J R  f J eR . This condi-
tion means that fR is not superfluous in eR, that is, there exist g, h R
Ž .with e efg	 eh efge	 ehe and ehR eR. Since End N is a local
  Žring, this implies that ehe: N N is not an isomorphism because
.ehR eR . It follows that efge must be an isomorphism and so is ef.
Ž .We have shown that f ef J R if and only if ef is a nonisomor-
phism. It follows from this by using standard arguments that R is left
T-nilpotent if and only if A satisfies the artinian condition on nonisomor-
 phisms. By 50, 49.9 , R is left T-nilpotent if and only if it is left perfect,
and thus we are done.
2. DUALITY
We examine in this section a duality notion that is connected to the
construction of functor rings that we considered in the first section. The
results in this section will be useful in the next sections. In particular, our
 version of the GrusonJensen duality theorem 25 will be a crucial tool
for studying left pure semisimple rings with enough idempotents in the
Ž   .fifth section. See also Jensen and Simson 30, Proposition 1.6 .
DEFINITION 2.1. Let A be any locally finitely presented additive cate-
gory and let R be the functor ring of A. Then its opposite ring Rop is
again a ring with enough idempotents and hence, by Theorem 1.1, it is the
functor ring of another locally finitely presented additive category, namely,
Ž op. Ž op.Fl R . We shall say that Fl R is the pseudodual category of A.
The reason for the above term is apparent from the next result.
PROPOSITION 2.2. There is a duality between the category of finitely
presented objects of a locally finitely presented additie category A and the
category of finitely presented objects of its pseudodual category.
Ž .Proof. We know that if R is the functor ring of A, then fp A
Ž . Ž Ž op.. Ž op. proj R , while fp Fl R  proj R . The contravariant functor
opŽ . Ž . Ž .Hom , R yields a duality proj R  proj R , proving our claim.R R
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Ž .We shall denote the pseudodual category of A as p A . Note that
pseudoduality is a symmetric relation, i.e., A is, up to equivalence, the
Ž . Ž .pseudodual category of p A , and hence we say that A and p A are
Ž . Ž .pseudodual categories. Note also that p A is the only up to equivalence
locally f.p. additive category whose category of finitely presented objects is
dual to that of A. It is interesting to examine this duality in certain
particular cases. For instance, if we start with a locally f.p. Grothendieck
Ž .category A, a natural question is: when is p A also a Grothendieck
category? Recall that a locally f.p. Grothendieck category A is called
locally coherent if finitely generated subobjects of finitely presented objects
in A are also finitely presented.
PROPOSITION 2.3. Let A be a locally finitely presented Grothendieck
Ž .category. Its pseudodual category p A is a Grothendieck category if and only
if A is locally coherent.
Proof. Let R be the functor ring of A. Since A is Grothendieck, the
 ring R is right panoramic 23 . Assume that A is locally coherent. Then
Ž .this means that the quotient category of Mod R with respect to the
torsion theory  , whose torsion-free objects are the submodules of flat
modules, is also locally coherent, i.e., R is right locally -coherent. If 	
denotes the Lambek torsion theory, then 
 	 and, as a consequence, R
 is right locally 	-coherent. By 23, Corollary 2.10 , R is left panoramic. This
Ž op. Ž .means that Fl R  p A is a Grothendieck category.
Ž op. Ž .Assume, conversely, that Fl R  p A is Grothendieck. Then R is
also left panoramic, which implies that R is right locally coherent 23,
Theorem 2.7 . Then it is right locally -coherent and, as above, this means
that A is locally coherent.
With this same idea, it would be interesting to characterize the rings A
Ž Ž ..such that the pseudodual category p Mod A is again the category of
modules over a ring. As we have just seen, such rings have to be right
locally coherent. We prove below a more general result for locally f.p.
Grothendieck categories. Recall that an object M in A is said to be FP
1Ž .injectie provided that Ext Z, M  0 for all finitely presented objects Z
Ž  .of A see, e.g., Stenstrom 49 .¨
THEOREM 2.4. Let A be a locally coherent Grothendieck category. The
Ž .pseudodual category p A is a module category if and only if eery finitely
presented object of A embeds in some finitely presented FP-injectie object
of A.
Ž .Proof. Assume that our condition holds. Note that fp A is an abelian
category, because A is locally coherent. Hence any finitely presented
Ž .FP-injective object of A is an injective object of the category fp A .
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Ž .Bearing this in mind, the hypothesis implies that in the category fp A ,
every object embeds in some injective object. Because of the duality, we
infer that in the category of finitely presented objects of the pseudodual
Ž .category p A , every object is a quotient of a projective object. The
Ž .category p A is again locally coherent, by Proposition 2.3, and hence its
category of finitely presented objects is abelian. Now, any projective object
Ž Ž .. Ž .of fp p A is a true projective object of p A : if h: X Y is an
Ž .epimorphism in p A with X finitely generated and Y finitely presented,
Ž Ž ..and if f : P Y is a morphism with P a projective object of fp p A ,
then we may find some finitely presented U and an epimorphism U X,
Ž .because the category p A is locally finitely presented. Then f can be
lifted to U and hence to X. The rest is immediate.
Ž .Thus we see that every finitely presented object of p A is a quotient of
Ž .some finitely presented projective. This implies that p A has a family of
finitely presented projective generators. Now, a well-known result 33,
 Ž .Corollary 2.12 shows that p A is a module category.
The proof of the converse assertion is analogous.
Let A be any locally f.p. additive category and let R be its associated
Ž .functor ring. Then we denote by D A the pseudodual category of the
Ž op. Ž .  category Mod R . An equivalent definition of D A is given in 13 ,
 extending a construction previously considered by Simson 40 . The next
result follows immediately from Proposition 2.2.
COROLLARY 2.5. Let A be a locally f. p. additie category and let R be its
associated functor ring. There is a duality between the category of finitely
Ž .presented left R-modules and the category of finitely presented objects of D A .
COROLLARY 2.6. A locally finitely presented additie category A has
Ž . Ž .products if and only if D A is Grothendieck. In such case, D A is locally
coherent.
Proof. If A has products, then R is left locally coherent. By Proposi-
Ž . Ž op.tion 2.3, the pseudodual category D A of Mod R must be Grothendieck
Ž .and locally coherent. Conversely, if D A is a Grothendieck category, then
Rop is right locally coherent, again by Proposition 2.3. Therefore A has
products.
Ž  .The following corollary is already known see, e.g., 13 , but can also be
seen as a direct consequence of Theorem 2.4.
COROLLARY 2.7. For any locally finitely presented additie category A,
Ž .eery finitely presented object of D A embeds in some finitely presented
FP-injectie object.
Ž . Ž  .In general, D A is not a functor category cf. 13, p. 1659 . It is
Ž .therefore interesting to known when D A is a module category.
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Let A be any locally f.p. additive category and let R be its functor ring.
Ž . Ž . Ž .Then, if D A is a module category, say D A Mod T for some ring T
Ž . Ž Ž op..with enough idempotents , then the category B Fl Mod T is a
locally f.p. additive category and may be considered as a kind of ‘‘symmet-
ric’’ category of A. This symmetry is due to the fact that the functor rings
op Ž op.associated with A and B are, respectively, R and T , while Mod R
Ž .and Mod T are pseudodual categories. Of course, this happens if and only
if Rop has a pseudodual ring. This suggests the following definition.
DEFINITION 2.8. Let A be a locally finitely presented additive category
Ž op.with the functor ring R. If the pseudodual category of Mod R is a
Ž .module category Mod T over some ring T , then we say that the category
Ž Ž op..Fl Mod T is the symmetric category of A.
Note that the symmetric category of a given category A is uniquely
determined, up to equivalence, if it exists. We also remark that, in the
Ž .above definition, A is again, up to equivalence the symmetric category of
Ž Ž op..Fl Mod T . Thus, this is indeed a symmetric relation, and we say that A
Ž Ž op..and Fl Mod T are symmetric categories. Clearly, two locally f.p. additive
categories A and B are symmetric categories if and only if the corre-
Ž op.sponding functor rings R and T satisfy the condition that Mod R and
Ž op.Mod T are pseudodual.
The basic example of symmetric categories is given in the following
result, which may also be regarded as a generalization of the GrusonJen-
  Ž sen duality theorem 25 for rings with enough idempotents see also 27,
.Theorem 5.1; 30, Proposition 1.6 .
THEOREM 2.9. Let A be any ring with enough idempotents. If R is the
Ž . Ž op.functor ring of Mod A and T is the functor ring of Mod A , there exists a
Ž op. Ž op.  Ž op. Ž op.pair of functors D: Mod R Mod T and D : Mod T Mod R
that are exact on short exact sequences of finitely presented modules and that
establish a duality between the categories of finitely presented modules of
Ž op. Ž op. Ž op.Mod R and Mod T . Therefore the category Mod T is the pseudo-
Ž op. Ž op.dual category of Mod R and Mod A is the symmetric category of
Ž .Mod A .
Proof. Let us suppose that A e A Ae . We fix the notation  
we are to use:
 The family of isomorphism classes of finitely presented right A-
 4modules will be taken to be U . We may assume that  
, so that	 	

U  e A. Then U U .  	

 The idempotent of R that is the identity on the summand U will be	
denoted as  . Thus R  R R . Note that U is a unitary	 	 	
 

bimodule U . It is easy to see that, as a left R-module, U has aR A
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Ž .decomposition U R , the isomorphism taking each r to r e .  
Also as left R-modules, we have for the same reason R Ue . 
  4Symmetrically, let V be a family of finitely presented left 
A-modules which includes all isomorphism classes, such that  and
V  Ae .  will denote the idempotent of T that is the identity on V .   
Then T T   T and V V becomes a bimodule V op .   A T  
As a left T-module, we have V T and each e V T .  
Let us now recall the well-known fact that the functor U :A
Ž op. Ž op. Ž op.Mod A Mod R takes each object of Mod A to a FP-injective
op Ž  .right R -module see, for example, 22 . In particular, U V is FPA
injective as a left R-module. We next consider the contravariant functor
D : Mod Rop Mod T op ,Ž . Ž .
D M Hom M , U VŽ . Ž .R R A
and the fact that U V is FP-injective entails that the functor D takesA
Ž op.each short exact sequence of Mod R ,
0 LMN 0,
where N is finitely presented, into a short exact sequence of left T-mod-R
Ž .ules. It is clear that D R   U V U  V. In particular,	 	 A 	 A
Ž .D R  e A V e V T . Since U is finitely generated by mod-  A   	
ules of the form e A, we know that U  V is finitely generated by 	 A
Ž .modules of the form e A V T . Thus each D R is finitely gener- A  	
ated as a left T-module. It follows from the above mentioned exactness
Ž .property of D that if M is any finitely presented module, D M is finitelyR
Ž Ž op.. Ž Ž op..presented. Thus, D restricts to a functor D: fp Mod R  fp Mod T .
It remains to see that D establishes a duality between these two
 Ž op.subcategories. However, we have the analogous functor D : Mod T 
Ž op. Ž . Mod R satisfying D T  R . Thus D D is equivalent to the 
identity on the objects R . Since each R is a kernel of a morphism 	
between finite direct sums of objects of the form R and the functors D
and D are exact over finitely presented objects, it turns out that
 Ž .  Ž .D D R  R . Similarly, D D M M for every finitely pre-	 	
sented left R-module M. This completes the proof.
We mention here a noteworthy application of the above results. It is a
well-known fact that if A is a left pure semisimple unital ring, then A is
left Morita dual to another unital ring S, such that S is left pure
Ž  .semisimple and right artinian see Simson 39; 42, Proposition 2.4 . We
extend this duality to the case of arbitrary pure semisimple Grothendieck
categories.
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THEOREM 2.10. Let A be a pure semisimple locally finitely presented
Grothendieck category. Then the pseudodual category of A is the category of
unitary right modules oer a left pure semisimple ring T. Moreoer, T is a right
locally finite ring if and only if A is locally finite.
Proof. Assume that A is a pure semisimple locally f.p. Grothendieck
category and let R be its functor ring. By definition, the ring Rop is the
Ž .functor ring of the pseudodual category p A of A. Because A is locally
  Ž .noetherian 40 , by Proposition 2.3 we know that the category p A is a
Grothendieck category. Since its functor ring is left perfect, it follows from
  Ž .Albu and Wisbauer 1, Theorem 2.1 that p A is the category of unitary
modules over a ring T with enough idempotents. Thus there is a duality
Ž . Ž Ž ..between fp A and fp Mod T .
We next show that T is left pure semisimple, i.e., T op is right pure
op Ž .semisimple. To this end, note that since R is the functor ring of Mod T ,
Ž .then it follows from Theorem 2.9 that Mod R is the pseudodual category
Ž op. Ž op.of the category Mod S , where S is the functor ring of Mod T . By
 Brune 9, Theorem 2.1 , R is right locally noetherian. Hence the duality
Ž Ž .. Ž Ž op..between fp Mod R and fp Mod S implies that each finitely presented
left S-module satisfies the descending chain condition on finitely pre-
sented subobjects. Now, since S is the functor ring of a Grothendieck
Ž category, it is right panoramic and left locally coherent see 23, Theorem
.2.7 . Thus each finitely presented left S-module satisfies the descending
chain condition on finitely generated subobjects. However, this means that
  Ž op.S is right perfect 50, 49.9 . Therefore Mod T is pure semisimple, that
is, T is left pure semisimple.
Ž . Ž Ž ..Finally, we have already seen that fp A and fp Mod T are dual and
they are both abelian, because A is locally coherent. Thus A is locally
Ž .finite if and only if every object in fp A has finite length, and this is
Ž Ž ..equivalent to any object of fp Mod T having finite length. In turn, this
amounts to saying that T is right locally finite, because it is also right
locally coherent.
Using pseudodual categories, we have the following result giving condi-
tions for a locally f.p. additive category to have a two-sided perfect functor
ring.
PROPOSITION 2.11. Let A be a locally finitely presented additie category.
Then A has a two-sided perfect functor ring if and only if both A and its
Ž . Ž .pseudodual category p A are pure semisimple. In such case, p A also has a
two-sided perfect functor ring.
Proof. Let R be the functor ring of A. Then Rop is the functor ring of
Ž .p A . Thus the result follows from Proposition 1.5.
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3. ADDITIVE CATEGORIES OF LOCALLY FINITE
REPRESENTATION TYPE
In this section we discuss additive categories of locally finite representa-
tion type. First, we recall from the Introduction the definition of this
concept.
DEFINITION 3.1. Let A be a locally finitely presented additive category.
ŽThen A is said to be a category of locally finite representation type briefly, a
.locally f.r.t. category if the following two conditions are satisfied.
Ž .i Every finitely presented object of A is endofinite.
Ž .ii For each finitely presented object M of A, there are only finitely
many isomorphism classes of finitely presented indecomposable objects X
Ž .of A such that Hom M, X  0.
We start with the following characterization of arbitrary locally f.r.t.
categories.
THEOREM 3.2. Let A be a locally finitely presented additie category and
let R be its functor ring. Then the following conditions are equialent.
Ž .1 A is of locally finite representation type.
Ž .2 R is left locally finite.
Ž .3 Eery object of A is endofinite.
Ž . Ž . Ž .Proof. 1  2 . Assume that 1 holds, i.e., A is a locally f.r.t. cate-
 4gory. Let N be a strong generating family for the category A. Set 
N N and let e be the canonical projection of N onto N . Then  
R Re  e R is the functor ring of A. Let L be any finitely  
Ž .presented object of A. Since L is endofinite, we have that E End L 
Ž .Hom L, L is a left artinian ring. Now, a standard argument shows that L
is a finite direct sum of indecomposable objects. This proves that every
finitely presented object of A is a direct sum of indecomposable objects.
Therefore, we may assume that the N are indecomposable and pairwise
Ž .nonisomorphic objects. Then Re Hom N , N . Because A is a category 
of locally f.r.t., for a fixed  there are only finitely many indecompos-
Ž .able objects N such that Hom N , N  0. Let X be the direct sum of  
Ž . Ž .all indecomposable objects N with Hom N , N  0. Then Hom N , N   
Ž .Hom N , X . Since X is endofinite, we infer that Re is of finite length 
Ž .as a left End X -module. However, there is an obvious embedding of
Ž . Ž .End X into R, which allows us to view all R-submodules of Hom N , X
Ž .as End X submodules. This shows that each Re is of finite length as a
left R-module and hence R is left locally finite.
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Ž . Ž .2  3 . Assume that R is left locally finite. Then R satisfies the
descending chain condition on finitely generated left ideals; hence it is
Ž  .right perfect see 50, 49.9 and, consequently, A is a pure semisimple
category. Hence every object of A is a direct sum of finitely presented
indecomposable objects. In particular, we may assume that the N are the
isomorphism classes of the indecomposable finitely presented objects of A.
Ž .Since R is left locally finite, each Re Hom N , N is of finite length. 
Ž . Ž .Let us set S End N , so that R may be identified with a nonunital
Ž .subring of S. Clearly each S-submodule of Hom N , N is also an R-sub-
Ž .module. Consequently, we infer that Hom N , N is also of finite length as
a left S-module. Now, if X is any finitely presented object of A, then
Ž .Hom X, N is again of finite length as an S-module, because X must be
isomorphic to a finite direct sum of objects isomorphic to the N . This
means that N is endofinite. However, N N , so that each of the
indecomposables N is again endofinite, by Proposition 1.3. Also, by
Proposition 1.4, for each finitely presented object M of A, we have that
Ž .Hom M, N  0 for almost all indecomposable summands N of N. 
Finally, let X be any object of A. Then X is a direct sum of finitely
presented indecomposable objects isomorphic to the N . Applying again
Proposition 1.4, we conclude that X is endofinite.
Ž . Ž . Ž .3  1 . Suppose that 3 is satisfied. Let N be the direct sum of
representatives of the isomorphism classes of finitely presented indecom-
posable objects of A. Then N is an endofinite object. It follows from
Proposition 1.4 that, for each finitely presented object K of A,
Ž .Hom K , X  0 for only finitely many isomorphism classes of finitely
presented indecomposable objects X of A. This shows that A is a category
of locally finite representation type.
We note the following useful fact, which was observed at the beginning
Ž . Ž .of the proof of 2  3 in Theorem 3.2.
PROPOSITION 3.3. If a locally finitely presented additie category A is of
locally finite representation type, then A is pure semisimple.
 Auslander 3, Theorem 2.12 characterized locally f.p. additive categories
whose functor rings are right locally finite. We show now that Auslander’s
theorem can be deduced from the above result, by using the duality
properties stated in the preceding section.
Ž  .COROLLARY 3.4 Auslander 3 . Let A be a locally finitely presented
additie category and let R be its functor ring. Then R is right locally finite if
and only if the following two conditions hold.
Ž . Ž .i If M and N are finitely presented objects of A, then Hom M, N is
of finite length as a right S-module, S being the endomorphism ring of M.
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Ž . Ž .ii If M is a finitely presented object of A, then Hom X, M  0 for
only finitely many nonisomorphic finitely presented indecomposable objects X
of A.
Ž .Proof. Let p A B be the pseudodual category of A. We know that
Rop is the functor ring of B. Then R is right locally finite if and only if
Rop is left locally finite, if and only if B is a locally f.r.t. category by
Theorem 3.2. Of course, this happens if and only if B satisfies the two
conditions in Definition 3.1. However, these two conditions clearly refer
Ž . Ž . Ž .only to objects in fp B . Since fp B and fp A are dual categories, we
Ž .see that R is right locally finite if and only if fp A satisfies precisely the
Ž . Ž .conditions i and ii above, which are the dual conditions to those in
Definition 3.1.
By using the duality concepts of the previous section, we may relate,
under certain conditions, properties of the category A and of the category
Ž . Ž .D A . It is well known that A is pure semisimple if and only if D A is
Ž  .locally noetherian e.g., 13 . We obtain the following result concerning
locally f.p. additive categories with products.
PROPOSITION 3.5. A locally finitely presented additie category A with
products is a locally finite representation type category if and only if the
Ž .category D A is locally finite.
Proof. Suppose that A has products and is a locally f.r.t. category.
Then by Theorem 3.2, R is left locally finite. Therefore all the objects of
Ž Ž op..fp Mod R satisfy the ascending and descending chain conditions with
Ž Ž op..respect to their subobjects in the category fp Mod R . By the duality,
the same happens to the finitely presented objects of the Grothendieck
Ž . Ž .category D A . Since D A is locally noetherian, all subobjects of objects
Ž Ž ..in fp D A belong to this subcategory. Hence every finitely presented
Ž . Ž .object of D A satisfies both chain conditions. Thus D A is locally finite.
Ž .Conversely, suppose that D A is locally finite. Since A has products,
Rop is locally coherent. Therefore every finitely presented object of
Ž Ž op..fp Mod R satisfies the ascending chain condition and the descending
chain condition on finitely generated subobjects. This implies that R is left
locally finite, and hence by Theorem 3.2, A is a locally f.r.t. category.
We give below a simple example of a locally f.r.t. category that need not
be abelian.
EXAMPLE 3.6. Let M be any endofinite right module over a ring R.
Ž .Let AAdd M be the category consisting of all right R-modules iso-
morphic to direct summands of direct sums of copies of M. Then A is a
locally f.p. additive category that need not be abelian, in general. More-
  Ž .over, by 11 , every object in A is endofinite in Mod R ; hence every object
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in A is endofinite in A. Consequently, by Theorem 3.2, A is a locally f.r.t.
category.
We conclude this section with the following interesting remark that was
communicated to the authors by Professor D. Simson.
Ž .Remark 3.7 Simson . The definition of additive categories of locally
finite representation type introduced in this paper properly extends the
concept of a locally representation-finite K-category that was introduced
   and studied by Gabriel 21 and Bongartz and Gabriel 7 . More explicitly,
let K be an algebraically closed field and let  be a locally bounded,
   additive K-category in the sense of 21 and 7 . A -module is a K-linear
functor l: opMod K , where Mod K is the category of K-vector spaces.
Ž .By ind  we denote the full subcategory formed by representatives of
   finitely generated indecomposable -modules. According to 21 and 7 , a
locally bounded K-category is said to be locally representation finite if the
Ž . Ž .number of l ind  satisfying l x  0 is finite for each x.
One can prove the following comparison result.
PROPOSITION 3.8. Let  be a locally bounded K-category, where K is an
algebraically closed field. Let R be the Gabriel functor ring of  and let
Ž .Mod R be the category of unitary right R-modules. Then  is locally
 representation finite in the sense of 21, 7 if and only if the Grothendieck
Ž .category AMod R is of locally finite representation type in the sense of
Definition 3.1.
Ž .A ring R with enough idempotents such that Mod R is a locally f.r.t.
category is called a ring of right locally finite representation type. Such
rings will be studied in more detail in Section 5. In particular, it will be
Žshown that such a ring is also of left locally finite representation type see
.Theorem 5.2 .
4. GROTHENDIECK CATEGORIES OF LOCALLY FINITE
REPRESENTATION TYPE
In this section, we study Grothendieck categories of locally finite repre-
 sentation type. Recall that, following the implicit idea of 3 , we shall say
that a Grothendieck category is of finite representation type if it is locally
finite and has only finitely many nonisomorphic finitely generated inde-
composable objects. We start with the following result.
LEMMA 4.1. Let A be a Grothendieck category of finite representation
type. Then A is a category of locally finite representation type.
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Proof. Let M , . . . , M be a finite family of representatives of all1 n
finitely generated indecomposable objects of A. Then the objects M ,1
. . . , M form a strong generating family of A. If MM  M andn 1 n
Ž .R End M , then R is a functor ring of A. Since M is of finite length, R
Ž . is a semiprimary ring with 1 . Thus R is left perfect, and it follows from 1,
Theorem 2.1 that A has a finitely generated projective generator P. Then
Ž . Ž . Ž A is equivalent to the category Mod S , where S End P cf. 3, Theo-
.rem 4.4 . Now, every right S-module is of finite endolength, because S is a
Ž  .ring of finite representation type see 10, 51 . Hence both equivalent
Ž .categories Mod S and A are locally f.r.t. categories.
We give now a characterization of Grothendieck categories of locally
finite representation type. Recall that if M is an object of a Grothendieck
 category A, then  M denotes the full subcategory consisting of all those
 objects that are isomorphic to subobjects of M-generated objects.  M is
Ž  .again a Grothendieck category see 50 . The following theorem extends
   40, Theorem 2.5 and 24, Theorem 3 .
THEOREM 4.2. Let A be a locally finitely presented Grothendieck category.
Then the following conditions are equialent.
Ž .1 A is a category of locally finite representation type.
Ž .2 A is locally finite and for each finitely generated object M of A,
there are only finitely many isomorphism classes of finitely generated indecom-
Ž .posable objects X of A such that Hom M, X  0.
Ž . Ž .Proof. 1  2 . Assume that the Grothendieck category A is of
locally finite representation type. Then A is pure semisimple and hence A
Ž  .must be locally noetherian see 40 . Thus finitely generated objects of A
Ž .are finitely presented, and the second condition of 2 follows immediately
Ž .from the definition of locally f.r.t. categories. Therefore, to prove that 2
holds, it suffices to show that A is locally finite. We follow the proofs of
   40, Theorem 2.5 and 24, Theorem 3 .
Let N be any finitely generated object of A. Then N is noetherian. It
follows easily from the hypothesis that the number of isomorphism classes
of indecomposable quotients of N is finite. Since every simple subfactor of
N must be isomorphic to a subobject of some indecomposable quotient of
N, we infer that the number of isomorphism classes of simple subfactors of
N is again finite. Consequently, there exists some noetherian injective
object Q which cogenerates all the simple subfactors of N. Suppose now
that N is not of finite length. Then we may form a strictly descending
infinite chain of subobjects
N X  X    X  0 1 k
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such that each factor X X is simple. There is a correspondingk k	1
ascending chain
Hom NX , Q   Hom NX , Q   Hom N , Q .Ž . Ž . Ž .1 k
Ž .Because Q is an endofinite object of A, Hom N, Q is of finite length
Ž .over the endomorphism ring End Q of Q. Therefore
Hom NX , Q Hom NX , Q  Ž . Ž .k k	1
for some natural number k. However, this clearly contradicts the fact that
X X is a simple subfactor of N, cogenerated by Q. Therefore, N is ofk k	1
finite length.
Ž . Ž . Ž .2  1 . Assume that 2 is satisfied. We have to show that each
finitely generated object of A is endofinite. If M is any finitely generated
 object of A, then M is of finite length. Consider the subcategory  M of
 A. Then it is easy to show that  M is a locally finite Grothendieck
Žcategory with only finitely many nonisomorphic simple objects see, e.g.,
 .  50, 32.4 . For any simple object S in  M , by hypothesis there are only
finitely many nonisomorphic finitely generated indecomposable objects X
Ž .  in A such that Hom S, X  0. Because every nonzero object in  M
contains a simple subobject, it follows that there are only finitely many
 nonisomorphic finitely generated indecomposable objects in  M , i.e.,
    M is a category of finite representation type. By Lemma 4.1,  M is a
locally f.r.t. category.
Now let K and N be any finitely generated objects of A. We will show
Ž . Ž .that Hom N, K is of finite length as a module over End K . Set MN
  K. Then both N and K belong the category  M , and they are also
finitely generated objects of this subcategory. By the above observation, K
  Ž .is endofinite as an object of  M ; hence Hom N, K is of finite length as
Ž .a module over End K . Therefore K is endofinite in A.
 Note that the property that  M is a category of finite representation
type for every finitely generated object M of A is not enough to ensure
that A is a locally f.r.t. category, as the following example shows.
EXAMPLE 4.3. Let   be the Prufer group for a fixed prime number p¨p
 and let A   . Then A is the category of all p-torsion abelianp
groups, and clearly A is a locally finite Grothendieck category. If N is any
finitely generated object of A, then N is a finitely generated p-torsion
   nabelian group, so that  N    for some integer n. Thus there arep
finitely many finitely generated indecomposable objects in the category
  N and hence this is a category of finite representation type. However,
there are infinitely many finitely generated indecomposables X in the
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Ž .category A such that Hom  , X  0. By definition, A is not a locallyp
Ž f.r.t. category. In fact, A is not even a pure semisimple category see 50,
.p. 536 .
Note from Proposition 3.3 that if A is any additive category of locally
finite representation type, then A is pure semisimple. The following
 example, due to Drozdowski and Simson 15 , shows that the inverse
implication does not hold, even in case A is a locally finite Grothendieck
category.
 EXAMPLE 4.4 15 . Let A be the category of all support finite K-linear
representations of the infinite Dynkin quiver A , 
  




1 2  n 
Ž  .see 44 . Then A is a locally finite Grothendieck category. According to
  Ž .15 , A is pure semisimple and Hom I I  0 for n 2, 3, . . . ,A 0 0,n n
where I isn n
   
K  K K  K  K  K 0 
1 2 n
K
   
K  K K  K  K  K 0  .1 2 n
Since I is indecomposable, and I  I if and only if m n, itn n n n m m
clearly follows that A is not a locally f.r.t. category.
We observe the following fact for Grothendieck categories with only
finitely many simple objects.
COROLLARY 4.5. Let A be a locally finitely presented Grothendieck
category with only finitely many nonisomorphic simple objects. Then A is a
category of locally finite representation type if and only if A is of finite
representation type.
Proof. This follows immediately from Lemma 4.1 and Theorem 4.2.
 4Let C M  i I be a family of finitely generated indecomposablei
objects of a Grothendieck category A. Recall that add C denotes the full
subcategory of A consisting of all objects isomorphic to direct summands
 of finite direct sums of objects in C. Following Auslander and Reiten 4 ,
for an indecomposable object M in C and an object N in add C , a
morphism f : NM is called a right almost split morphism in add C
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provided f is not a split epimorphism, and for any object K in add C and
a morphism g : KM that is not a split epimorphism, there is a
morphism h: KN such that g fh. If there is a right almost split
morphism f : NM in add C for each indecomposable object M in C ,
then we say that the family C has right almost split morphisms. Left
almost split morphisms are defined in a dual manner and, similarly, we say
that the family C has left almost split morphisms if there is a left almost
split morphism f : MN in add C for each indecomposable object M in
Ž .C. If R is a ring with 1 of finite representation type, then right and left
almost split morphisms exist for finitely generated indecomposable right
Ž . Ž  .and left R-modules see 4 . Furthermore, if R is left pure semisimple
 Ž .and unitary, then according to 42, Proposition 2.4 b every finitely gener-
ated indecomposable left R-module M admits a right almost split mor-
phism f : NM. We have the following more general result for locally
f.r.t. categories.
PROPOSITION 4.6. Let A be a Grothendieck category of locally finite
representation type. Then eery family of finitely generated indecomposable
objects of A has right and left almost split morphisms.
Proof. Since A is a locally f.r.t. category, A is pure semisimple; hence
 by 17, Corollary 4.2 every family of finitely generated indecomposable
 4objects of A has right almost split morphisms. Now let C M  i I bei
a family of finitely generated indecomposable objects of A and let
 M M . Similarly as in the proof of 16, Lemma 2.3 , we can showii I
that there is a left almost split morphism f : M N in add C if and onlyk
Ž . Ž .if the Jacobson radical of the left End M -module Hom M , M is finitelyk
generated. However, A is a locally f.r.t. category, so M is an endofinite
Ž . Ž .object; hence Hom M , M is of finite length over End M . This showsk
that C has left almost split morphisms.
 Auslander 3, Theorem 3.1 showed essentially that if A is a locally finite
Grothendieck category which contains only finitely many nonisomorphic
simple objects, then A is of finite representation type if and only if the
functor ring R of A is right locally finite. It is natural to ask whether the
same statement is true for the general case of locally f.r.t. categories.
Rather surprisingly, the examples below show that having a right locally
finite functor ring is neither necessary nor sufficient for a Grothendieck
category to be of locally finite representation type.
EXAMPLE 4.7. The following example is also examined, with a some-
 what different purpose, in 15; 41, Example 2.10; 24, Example 3 , but we
explain it here for the convenience of the reader.
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Let K be a field and let A be the category whose objects are infinite
sequences of K-vector spaces V and K-linear maps between themi
V: V  V    V  V  1 2 n n	1
Ž .and whose morphisms VW are systems f f , f , . . . , f , . . . of K-lin-1 2 n
ear maps, making the diagrams
  
V V V 1 n n	1

f f f1 n n	1
    
W  W W 1 n n	1
commutative.
This category is clearly an abelian category. An object in A is indecom-
posable if and only if it is isomorphic to one of the form
E : 0 0   K V  K V    K V  0  ,n , m n n	1 m
where the arrows which are not trivial are the identities and 1
 nm
 
Ž  .see 15 . Then A is a pure semisimple locally f.p. Grothendieck category,
which is not locally finite: E has an infinite descending chain of1, 
subobjects E , but it is a noetherian object.n, 
Let B be the full subcategory of A consisting of all the representations
V such that V  0 for j sufficiently large. This is a hereditary torsion classj
and hence B is again a pure semisimple locally f.p. Grothendieck cate-
gory, with indecomposables E , with m . Moreover, B is locallyn, m
Ž .finite and Hom E , E  0 whenever sm. Also, the endomorphismn, m k , s
ring of each indecomposable object in B is isomorphic to the field K , and
Ž .Hom X, Y is a finite dimensional K-vector space for all finitely generated
objects X and Y of B. It follows that every finitely generated object of B
is endofinite. Therefore B is a locally f.r.t. category. On the other hand,
we have a sequence of canonical nonisomorphic epimorphisms
E  E  n , m n , m	1
which shows that the artinian condition on epimorphisms does not hold.
Thus the functor ring R of B is not left perfect by Proposition 1.7, so R is
not right locally finite.
EXAMPLE 4.8. Let B be the category in the preceding example. Then
B is a locally f.r.t category such that its functor ring R is not left perfect.
 Because B is pure semisimple, by 9, Theorem 2.1 , R is right noetherian.
In particular, R is right locally coherent, so it follows from 23, Corollary
 op2.10 that R is a left panoramic ring; hence R is the functor ring of a
Grothendieck category G. Because B is a locally f.r.t. category, R is left
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locally finite, implying that Rop is right locally finite. However, R is not
left perfect; hence Rop is not right perfect, i.e., G is not a pure semisimple
category. Therefore, G is not a locally f.r.t. category, while still having a
right locally finite functor ring.
In view of the above examples, we consider now the question of when a
locally f.r.t. category A has a right locally finite functor ring or, equiva-
lently, when A satisfies the artinian condition on nonisomorphisms be-
tween finitely generated indecomposable objects. We first prove the fol-
 lowing lemma, which was observed by Auslander 3, Proposition 3.5 under
the additional hypothesis that the category A contains only finitely many
nonisomorphic simple objects.
LEMMA 4.9. Let A be a locally finite Grothendieck category with functor
ring R. If the category A satisfies the artinian condition on epimorphisms
between finitely presented indecomposable objects, then R is right semiartinian.
Proof. We just give a sketch of the proof, adapting Auslander’s argu-
   4ments in 3 . Let us denote by U the set of all the isomorphism 
classes of finitely presented objects of A, and R e R will be its
functor ring.
We have to show that every nonzero unitary right R-module M has aR
 simple submodule. Recall from 3 that an element x xe M is a
minimal element in case x 0 and for each r R such that e re : 
U U is a monomorphism, but not an epimorphism, we have that 
xe re  0. We first remark that if xe M is minimal, then U is inde-   
composable, because if U is not indecomposable, then we can put e as a 
sum of proper monomorphisms of the type e re . 
The second basic observation is the fact that, given any nonzero xe M,
there exists some monomorphism e re : U U so that xe re is a     
minimal element of M. The idea for proving this claim consists of taking
the family of all those proper monomorphisms e re : U U that satisfy   
xe re  0. Since U is of finite length, we infer that there is some minimal  
element of the family, say e re : U U . Then, xe re is minimal.     
Finally, we can prove the lemma. Let M be given and take xe aR 
minimal element in M. If we have some morphism e re : U U and a   
minimal element ye of M such that xe re  ye , then we may deduce   
easily that e re is an epimorphism between indecomposables. Now the 
artinian condition on epimorphisms implies that we cannot construct such
an infinite chain of morphisms with corresponding minimal elements.
Hence there is some minimal element xe of M that satisfies the following
condition: if e re : U U is such that xe re is a minimal element, then     
e re is an isomorphism. 
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Then we show that xe R is a simple submodule of M . To this end, let R
r R be such that xe re  0. By our previous observation on obtaining 
minimal elements from arbitrary ones, we may assume that xe re is 
minimal. The conclusion is that e re is an isomorphism. By taking its 
inverse, we get that xe  xe re R. Hence xe R is indeed simple.   
A Grothendieck category A is said to have enough projecties if it has a
family of projective generators. The next theorem will provide necessary
and sufficient conditions for a locally f.r.t. category to have a right locally
finite functor ring.
THEOREM 4.10. Let A be a locally finitely presented Grothendieck cate-
gory. Then the following conditions are equialent.
Ž .1 The functor ring R of A is right and left perfect.
Ž .2 The functor ring R of A is right and left locally finite.
Ž .3 A is a category of locally finite representation type with enough
projecties.
Ž . Ž .4 A and p A are pure semisimple categories.
Ž . Ž .5 A and p A are categories of locally finite representation type.
Moreoer, if A satisfies the aboe equialent conditions, then A is equia-
lent to the category of unitary right modules oer a ring with enough idempo-
tents.
Ž . Ž . Ž .Proof. 1  2 . Assume that 1 is satisfied. Since R is right perfect,
 A is pure semisimple. By 9, Theorem 2.1 , the functor ring R is also right
locally noetherian. Since R is left perfect, each e R satisfies the descend-
ing chain condition on finitely generated right ideals. However, since e R
Ž .is noetherian, it satisfies the descending chain condition on unitary right
ideals, that is, e R is of finite length. This proves that R is right locally
finite.
It follows also from the hypothesis that R is right locally coherent. Since
R is the functor ring of a Grothendieck category, we have that R is a right
 panoramic ring. By 23, Corollary 2.10 it follows that R is a left panoramic
ring.
The ring Rop is therefore a right panoramic ring, i.e., it is the functor
ring of some Grothendieck category B. Since it is right and left perfect, it
is also right locally finite, as we have just seen. This means that R is a left
locally finite ring.
Ž . Ž . Ž .2  3 . Suppose that 2 is satisfied, i.e., the functor ring R of A is
right and left locally finite. By Theorem 3.2, A is a locally f.r.t. category.
 Since R is right locally finite, R is left perfect; hence by 1, Theorem 2.1
we have that A is equivalent to the category of unitary right modules over
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a ring with enough idempotents. This implies that A has enough projec-
tives.
Ž . Ž .3  1 . Suppose now that A is a locally f.r.t. Grothendieck category
with enough projectives. By Theorem 3.2, the functor ring R is left locally
finite; hence R is right perfect. So it remains to show that R is left perfect.
First, we show that A satisfies the artinian condition on epimorphisms
between finitely generated indecomposable objects. Indeed, suppose we
are given an infinite sequence of nonisomorphic epimorphisms between
finitely generated indecomposable objects
f fk 1
  X X    X X .k	1 k 1 0
Let now g : P X be a nonzero morphism, with P being a finitely0 0
generated projective object, which exists by our hypothesis. By the projec-
tivity of P, there is a morphism g : P X such that g  f g . Similarly,1 1 0 1 1
there is a morphism g : P X such that g  f g . An obvious induc-2 2 1 2 2
tion gives an infinite family of morphisms g : P X such that g n n n1
f g .n n
Ž .Since Hom P, X  0 for almost all isomorphism classes of indecom-n
posable objects X , we infer that there exists a positive integer m suchn
that whenever nm, we have that X is isomorphic to some X , withn i
i
m. Thus there is a bound on the lengths of the modules of the family
 4 Ž  .X . Therefore, the HaradaSai lemma e.g., 50, 54.1 shows that then
composition f f  f must be zero for some k.1 2 k
By Lemma 4.9, we deduce that every nonzero right R-module must
contain a simple module. On the other hand, because A is a pure
semisimple Grothendieck category, R is locally right noetherian by 9,
Theorem 2.1 . It follows easily that R must be right locally finite, implying
that R is left perfect.
Ž . Ž .1  4 follows by Proposition 2.11. By an analogous argument, we see
Ž . Ž .that 2  5 .
 EXAMPLE 4.11. Following the ideas in 3 , a locally finite Grothendieck
category A is said to be of bounded representation type if there is a bound
on the length of finitely generated indecomposable objects of A. It is clear
that if A is a category of bounded representation type, then by the
 HaradaSai lemma 50, 54.1 , the functor ring R of A has nilpotent
Jacobson radical, hence R is two-sided perfect, so in particular, it follows
by Theorem 4.10 that A is a locally f.r.t. category with enough projectives.
A simple example of a category of bounded representation type is the
following. Let R be a ring having infinitely many nonisomorphic simple
right modules. Then the category of all semisimple right R-modules is a
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Grothendieck category of bounded representation type which contains
infinitely many nonisomorphic indecomposable objects.
We conclude this section with some remarks owing to Professor D.
Simson.
Ž . Ž .Remarks 4.12 Simson . a It would be interesting to get a characteri-
zation of locally finite locally f.r.t. Grothendieck categories A in terms of
 the topological pseudocompact ring  associated to A as defined in 43 .A
Ž . Žb Because locally f.r.t. categories are pure semisimple Proposition
.3.3 , we can view the pure semisimplicity for a large class of additive K-
categories as a property that lies in between the locally finite representa-
Žtion type and the tameness, and these inclusions are strict. See Dowbor
   and Skowronski 14 and Simson 45 for the concept of tameness for´
.Grothendieck categories.
5. PURE SEMISIMPLE RINGS WITH ENOUGH IDEMPOTENTS
Throughout this section R Re  e R is a ring with enough  
Ž .idempotents, unless otherwise stated. Recall that R is right left pure
Ž . Ž Ž op..semisimple if the category Mod R respectively, Mod R is pure
semisimple. We have seen from the preceding section that if A is a locally
f.r.t. Grothendieck category with enough projectives, then A is equivalent
to the category of unitary right modules over a ring with enough idempo-
tents. In this section, we study pure semisimple rings with enough idempo-
tents, and provide necessary and sufficient conditions for these rings to be
of locally finite representation type.
Let M be an R-module and let X be a finitely presented R-module.
  Ž .Then as in 13 , a subgroup of finite definition of Hom X, M is defined as
Ž . Ž . Ž .the image M of the map Hom , M : Hom Y, M Hom X, M arising
from a morphism  : X Y for any finitely presented R-module Y. Recall
that a module M is -pure injective if all direct sums of copies of M are
Ž  .pure injective see, e.g., 29 .
Let U and V be direct sums of representatives of all the finitely
presented right and left R-modules, and let S and T be the right and left
Žfunctor rings of R, respectively i.e., S is the functor ring of the category
Ž .Mod R , while T is the opposite of the functor ring of the category
Ž op.Mod R : we take the opposite of the functor ring due to the habitude of
writing the elements of the functor ring as morphisms, hence opposite to
. Ž op. Ž .scalars . Then we know by Theorem 2.9 that Mod S and Mod T are
locally coherent categories, and there exist exact duality functors D and
D between the categories of finitely presented left S-modules and finitely
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Ž Ž .. Ž .presented right T-modules, so that D Hom e R, U Hom Re , V and 
Ž Ž .. Ž .D Hom Re , V Hom e R, U for each . In particular, this im- 
plies that there is an antiisomorphism between the lattice of finitely
Ž .generated submodules of the left S-module Hom e R, U and the lattice
Ž .of finitely generated submodules of the right T-module Hom Re , V .
We first give the following characterization of left pure semisimple rings
in terms of the endoproperties of the modules U and V defined above.
LEMMA 5.1. Let R Re  e R be a ring with enough idempo-  
tents. Let U and V be direct sums of representaties of all the finitely presented
right and left R-modules, and let S and T be the right and left functor rings of
R, respectiely. Then the following conditions are equialent.
Ž .1 R is left pure semisimple.
Ž . Ž .2 The right T-module Hom Re , V has the descending chain condi-
tion on finitely generated submodules, for each .
Ž . Ž .3 The left S-module Hom e R, U is noetherian for each .
Ž . Ž .Proof. 1  2 . Suppose that R is left pure semisimple. Then V is
Ž .-pure injective; hence Hom Re , V has the descending chain condition
Ž  .on subgroups of finite definition see 13, Theorem 2, p. 1661 . We show
Ž .next that each finitely generated T-submodule of Hom Re , V is a sub-
group of finite definition. Since subgroups of finite definition of
Ž . Ž  .Hom Re , V are closed under finite sums see 13, Lemma 1, p. 1659 , it
Ž .is enough to consider a cyclic T-submodule Tg of Hom Re , V , where
Ž .gHom Re , V . Let V V , with all V finitely presented. Then   A
Ž .Im g is contained in a finite subsum K V and clearly Tg F
Ž .Hom K , V g. Since K is finitely presented, it follows from the definition
Ž .that Tg is a subgroup of finite definition of Hom Re , V , proving our
claim.
Ž . Ž . Ž . Ž .2  3 and 3  2 . These implications follow from the antiisomor-
phism between the lattices of finitely generated submodules of the left
Ž . Ž .S-module Hom e R, U and the right T-module Hom Re , V for each . 
Ž . Ž . Ž .2  1 . Suppose that b is satisfied, i.e., the right T-module
Ž .Hom Re , V has the descending chain condition on finitely generated
Ž .submodules for each . It follows easily that Hom X, V has the descend-
ing chain condition on finitely generated submodules for each finitely
presented left R-module X. This implies, in particular, that the ring T has
the descending chain condition on finitely generated right ideals; hence T
Ž  .is left perfect see 50, 49.9 . Therefore R is left pure semisimple by
Proposition 1.5.
The next theorem generalizes a well-known result of Auslander for left
Ž  and right pure semisimple rings with identity see Fuller and Reiten 19
 .and Zimmermann-Huisgen and Zimmermann 51 . Note that the result
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Žalso holds, more generally, for symmetric categories as defined in Section
.2 : if A and B are symmetric locally f.p. additive categories with products,
then they are both pure semisimple if and only if any one of them is a
category of locally f.r.t. This can be shown by using an argument of the
type of the proof of Proposition 3.5. However, we prefer to give a direct
proof of the module case.
THEOREM 5.2. Let R Re  e R be a ring with enough idempo-  
tents. Then the following conditions are equialent.
Ž .1 R is of right locally finite representation type.
Ž .2 R is of left locally finite representation type.
Ž .3 R is right and left pure semisimple.
Ž . Ž .Proof. 1  3 . Suppose that R is of right locally finite representation
type. Let U and V be direct sums of representatives of finitely presented
right and left R-modules, and let S and T be the right and left functor
rings of R, respectively. By Theorem 3.2, U is endofinite; hence
Ž .Hom e R, U is of finite length as a left S-module, so in particular it has
the ascending chain condition on finitely generated submodules. As ob-
Ž .served above, the lattices of finitely generated submodules of Hom e R, U
Ž . Ž .and Hom Re , V are antiisomorphic. This implies that Hom Re , V has 
the descending chain condition on finitely generated submodules. By
Lemma 5.1, it follows that R is left pure semisimple. The fact that R is
right pure semisimple is immediate.
Ž . Ž .3  1 . Assume that R is right and left pure semisimple. By Lemma
Ž . Ž .5.1, the right T-module Hom Re , V and the left S-module Hom e R, U 
have the descending chain condition on finitely generated submodules, for
each . Using again the antiisomorphism between the lattices of finitely
Ž . Ž .generated submodules of Hom e R, U and Hom Re , V , it follows that 
Ž .Hom e R, U has the ascending chain condition on finitely generated
Ž .submodules, i.e., Hom e R, U is noetherian. This clearly implies that
Ž .Hom e R, U is of finite length for each . Therefore, U is endofinite, and
it follows easily that the right functor ring S of R is left locally finite, so R
is of right locally finite representation type by Theorem 3.2.
Ž . Ž . Ž . Ž .2  3 and 3  2 are proved similarly.
REMARK 5.3. In view of the above theorem, it is interesting to observe
that the property of being pure semisimple is not leftright symmetric for
 a ring with enough idempotents, in general. Brune 8 constructed for each
natural number n and for n  a ring with enough idempotents R such
that R is left pure semisimple and has right pure global dimension n. As
 was shown in Garcıa and Simson 24, Example 2 , there is a left pure´
semisimple ring with enough idempotents R such that R is not left locally
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finite but is right locally finite. However, the corresponding problem for
Ž .rings with identity known as the pure semisimplicity conjecture is still
 open. The reader is referred to Simson 47, 48 and the references therein
for the history and recent results on the conjecture.
In the remaining part of this section, we will provide a criterion for a left
pure semisimple ring with enough idempotents to be of locally finite
 representation type, which is inspired by Herzog’s theorem 27 on left
pure semisimple rings with identity. First we introduce some new defini-
tions.
 4DEFINITION 5.4. Let C M  i I be a family of finitely generatedi
indecomposable R-modules, and let G be a finitely generated R-module.
We say that, for an index k I, M is G-preinjective in C if there are ak
finite family of nonisomorphic modules M , . . . , M in C and a nonzeroi i1 n
Ž .morphism gHom G, M such that for any module M in C which isk j
not isomorphic to any module M , . . . , M , and for any morphism fi i1 n
Ž .Hom M , M , we have fg 0.k j
DEFINITION 5.5. With the same notations as above, we say that M isk
G-preprojective in C if there are a finite family of nonisomorphic modules
Ž .M , . . . , M in C and a morphism gHom G, M such that g cannot bei i k1 n
Ž . Ž .written in the form  f g , where g Hom G, M , f Hom M , M ,j j j j j j k
and M is not isomorphic to any module M , . . . , M .j i i1 n
Let R Re  e R be a ring with enough idempotents. A finitely  
presented indecomposable right R-module M is called e R-preinjective if
M is e R-preinjective in the family of all finitely presented indecompos-
able right R-modules. Re -preprojective modules are defined in a similar
Ž .way. Note that if R is a ring with identity and Ind R denotes a complete
set of isomorphism classes of finitely presented indecomposable right
R-modules, then a finitely presented indecomposable right R-module M is
Ž .R-preinjective, or just preinjectie, if there is a cofinite subset C of Ind R
such that Rej M 0 or, equivalently, M cannot be embedded into aC
direct product of copies of modules in C. Similarly, a finitely presented
indecomposable right R-module M is preprojectie if there is a cofinite
Ž .subset C of Ind R such that Tr MM or, equivalently, M is not aC
homomorphic image of a direct sum of copies of modules in C. These
definitions may be regarded as generalizations of the known concepts of
Žpreinjective and preprojective modules over hereditary artinian rings see,
 .e.g., 46, p. 319 : a finitely presented indecomposable R-module M is
Ž .preinjective preprojective if the number of nonisomorphic finitely pre-
Ž . Žsented indecomposable R-modules X satisfying Hom M, X  0 respec-
Ž . .tively, Hom X, M  0 is finite.
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For the proof of the main theorem of this section, we will need some
preparatory lemmas. The first lemma is a generalization of Bjork’s theo-¨
 rem 6 asserting that over a semiprimary ring with identity every finitely
Žpresented module has a semiprimary endomorphism ring see also Rowen
 .36 .
LEMMA 5.6. Let R Re  e R be a ring with enough idempo-  
tents. Suppose that R is left perfect, and eery corner ring e Re , , is 
semiprimary. Then eery finitely presented right R-module has a semiprimary
endomorphism ring.
Proof. First, because R is semiperfect, we observe that if P is a finitely
generated projective right R-module, and f : P P is an endomorphism
Ž . 2Ž . Ž . Ž . Ž such that f P  f P , then P f P Ker f cf. Crawley-Boevey 12,
.Lemma, p. 6 . Now let M be any finitely presented right R-module. It is
easy to see that M is a finite direct sum of indecomposable submodules, so
without loss of generality we may assume that M is indecomposable. Again
because R is semiperfect, there is a projective cover p: PM, where P is
Ž  .a finitely generated projective right R-module see, e.g., 50, 49.10 . By our
hypothesis on R, P has a semiprimary endomorphism ring, and let m be
the nilpotency index of the Jacobson radical of End P. Now consider anyR
endomorphism f of M. We claim that either f is an isomorphism or
f m 0, which would imply that End M is semiprimary.R
Since P is projective, there is g : P P such that pg fp. It follows
n n Ž .that pg  f p for any positive integer n. Set KKer p . Then K is a
Ž .finitely generated small submodule of P, and clearly g K  K. Since R is
left perfect, P has the descending chain condition on finitely generated
Ž  .submodules see, e.g., 50, 49.10, 31.8 . Assume first that f is an epimor-
phism. Then g is an epimorphism; hence by the observation above g must
be an isomorphism. In particular, this implies that the restriction of g to K
Ž .is a monomorphism, thus an isomorphism because K is finitely generated .
It follows that f is an isomorphism.
In the general case, we can choose a number n large enough so that
nŽ . n	1Ž . nŽ . n	1Ž . 2 nŽ . n	1Ž .g P  g P and g K  g K . Then g P  g P and, as
nŽ . Ž n. observed above, we get P g P Ker g . Let p be the restriction of
nŽ . Ž nŽ .. nŽ . p to g P . Then p g P  f M , and it is easy to see that p :
nŽ . nŽ . nŽ . Ž  .g P  f M is a projective cover. Note that g K Ker p and so
nŽ Ž  .. nŽ . 2 nŽ . nŽ Ž .. 2 nŽ .g Ker p  g K  g K  g Ker p , implying that g K 
nŽ Ž  .. nŽ . Ž . nŽ .g Ker p . It follows that g K Ker p ; hence f M is a finitely
n nŽ . nŽ .presented module. Note that f : f M  f M is an epimorphism, and
by the special case dealt with above, this must be an isomorphism.
Ž n. nŽ . Ž n. nŽ .Therefore Ker f  f M  0 and so MKer f  f M . Because
Ž n. nŽ .M is indecomposable, it follows that either Ker f  0 or f M  0.
The first case would imply that f is an isomorphism, and the latter would
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nŽ .imply that g P  0, i.e., g is a nilpotent element of End P, so gR
belongs to the Jacobson radical of End P. Therefore, if f is not anR
m misomorphism, then g  0, implying that f  0, proving our claim.
 The next result was proved by Herzog 26 for left pure semisimple rings
with identity, but with a different method.
LEMMA 5.7. Let R be a left pure semisimple ring with enough idempotents.
Then eery finitely presented right R-module is of finite endolength.
Ž .Proof. Because R is left pure semisimple, every projective left R-
module has a decomposition that complements direct summands in the
  Ž  .sense of Anderson and Fuller 2 ; hence R is left perfect cf. 18 . Since
Ž op.Mod R is a pure semisimple Grothendieck category, every finitely
Žgenerated left R-module has a left artinian endomorphism ring see, e.g.,
 .17, Corollary 4.2 . Hence, in particular, every corner ring e Re  
Ž .End Re is left artinian, thus semiprimary. Let M be any finitely pre-
Ž .sented right R-module. By Lemma 5.6, End M is semiprimary. On the
Ž .other hand, it follows easily from Lemma 5.1 that Hom e R, M is noethe-
Ž .rian as a left End M -module, for each . Therefore, we deduce that
Ž . Ž .Hom e R, M is of finite length as a left End M -module, for each .
Ž .This clearly implies that M is of finite endolength in Mod R .
 The next lemma is an extension of 16, Lemma 3.1 .
LEMMA 5.8. Let M M be a direct sum of right R-modules withii I
local endomorphism rings and let G be a nonzero finitely generated right
R-module. Let S End M and suppose that A and B are submodules of theR
Ž .left S-module Hom G, M such that B A and AB is of finite length as an
S-module. Then there are only finitely many nonisomorphic modules Mk
Ž . Ž . Ž .k I such that AHom G, M  BHom G, M . Moreoer, fork k
Ž .such an M , the left S-module P Rad P is isomorphic to a compositionk k k
Ž .factor of AB, where P Hom M , M .k k
Proof. Note that if A is any submodule of the left S-module
Ž .Hom G, M , then there is an abelian group direct sum decomposition
Ž .A AHom G, M . It follows that if B A are distinct submod-ii I
Ž .ules of the left S-module Hom G, M , there exists some module M withk
Ž . Ž .k I such that AHom G, M  BHom G, M .k k
Ž .Assume first that AB is simple and AHom G, M  Bk
Ž . Ž .Hom G, M for some k I. Take g  AHom G, M such that g k k k k
Ž . Ž .BHom G, M . Consider P Hom M , M and define the map  :k k k
Ž . Ž .P  Sg with  f  fg for each f P . Let  : Sg  Sg 	 B Bk k k k k k
AB be the canonical map. Then the composition   is an epimor-
Ž .phism from P onto the simple module Sg 	 B B. Because P is ak k k
finitely generated projective left S-module and End P  End M is aS k R k
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local ring, the Jacobson radical of P is the unique maximal submodule ofk
Ž . Ž .P . It follows that P Rad P  AB. Suppose that AHom G, M k k k j
Ž .BHom G, M for some other index j I. Then a similar argumentj
Ž . Ž .shows that PRad P  AB, where P Hom M , M . From thej j j j
uniqueness of the projective cover, we get that P  P , yielding thatk j
M M .k j
If AB is of arbitrary finite length, there is a finite chain B B  B0 1
Ž .   B  B  A of S-submodules of Hom G, M such thatn1 n
Ž . ŽBB is simple for t 1, . . . , n. If AHom G, M  BHom G,t t1 k
. Ž . Ž .M , then B Hom G, M  B Hom G, M for some t, and byk t k t1 k
Ž .the special case considered above, we get that P Rad P  BB . Itk k t t1
follows that the number of nonisomorphic modules M in C such thatk
Ž . Ž .AHom G, M  BHom G, M is exactly the same as the numberk k
of nonisomorphic composition factors of AB.
The next two lemmas provide conditions, under suitable hypotheses, for
 4a module M in a family C M  i I of finitely generated indecom-k i
posable R-modules to be G-preinjective or G-preprojective in C.
 4LEMMA 5.9. Let C M  i I be a family of finitely generated inde-i
composable right R-modules M which are of finite endolength, and let G be ai
finitely generated right R-module. Let M M and S End M. Fori Ri I
an index k I, the module M is G-preinjectie in C if and only if there is ak
Ž .submodule of finite length A of the left S-module Hom G, M such that
Ž .AHom G, M  0.k
Proof. Suppose first that M is G-preinjective in C. By the definition,k
there is a finite family of nonisomorphic modules M , . . . , M in C and ai i1 n
Ž .nonzero morphism gHom G, M such that for any module M in Ck j
which is not isomorphic to any module M , . . . , M and for any morphismi i1 n
Ž .fHom M , M , we have fg 0. Setting A Sg, we will show that A isk j
Ž . an S-submodule of finite length of Hom G, M . Let I be the subset of I
consisting of all indices j I such that M is isomorphic to one of thej
Ž .modules M , . . . , M . Then it is clear that AHom G, M . Byi i jj I1 n
Ž .Proposition 1.3, the class of endofinite modules in Mod R is closed under
finite direct sums and arbitrary direct sums of one module; hence it fol-
 Žlows that the direct sum M  M is also endofinite. Thus Hom G,jj I
.  M is a module of finite length over End M . This implies easilyj Rj I
Ž .that A is of finite length as an S-submodule of Hom G, M , proving our
claim.
Conversely, suppose that there is a submodule of finite length A of the
Ž . Ž .left S-module Hom G, M such that AHom G, M  0. By Lemmak
5.8 there are only finitely many nonisomorphic modules M , . . . , M in Ci i1 n
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Ž .such that AHom G, M  0 for t 1, . . . , n. Moreover, we havei t
Ž Ž ..A AHom G, M . Take any nonzero morphism g Aii I
Ž .Hom G, M . Then because Sg A, we deduce that fg 0 for any mor-k
Ž .phism fHom M , M , where M is not isomorphic to any of thek j j
modules M , . . . , M . Therefore M is G-preinjective in C.i i k1 n
 4LEMMA 5.10. Let C N  j J be a family of finitely generated left R-j
modules N with local endomorphism rings and let G be a finitely generatedj
left R-module. Let N N and T End N. Suppose that B is aj Rj J
Ž . Ž .submodule of the right T-module Hom G, N such that Hom G, N B is of
Ž . Ž .finite length. Then for any module N k J such that Hom G, N is notk k
contained in B, N is G-preprojectie in C.k
Ž .Proof. Since Hom G, N B is of finite length, it follows by Lemma 5.8
that there are only finitely many nonisomorphic modules N , . . . , N in Cj j1 n
Ž .such that Hom G, N is not contained in B, where t 1, . . . , n. We showt
Ž .that if Hom G, N is not contained in B, then N is G-preprojective in C.k k
Ž .Let L be the subset of Hom G, N consisting of all sums  f g , wherek j j
Ž . Ž .g Hom G, N , f Hom N , N and N is not isomorphic to any ofj j j j k j
Ž .the modules N , . . . , N . Clearly, we have that each g Hom G, N inj j j j1 n
the above sum is contained in B, implying that L is contained in B. If
Ž . Ž .LHom G, N , it would follow that Hom G, N is contained in B,k k
which is a contradiction to our assumption. This shows that N is G-pre-k
projective in C.
Now we are able to prove the main result of this section.
THEOREM 5.11. Let R Re  e R be a left pure semisimple ring  
with enough idempotents. Then for each , the number of nonisomorphic
e R-preinjectie right R-modules is finite and smaller than or equal to the
number of nonisomorphic Re -preprojectie left R-modules. Moreoer, R is of
locally finite representation type if and only if these numbers are the same for
each .
Proof. Let U and V be direct sums of representatives of finitely
represented right and left R-modules, respectively. Then U and V have
indecomposable decompositions U M and V N . Let Si ji I j J
and T be the right and left functor rings of R, respectively. Note that if
 Ž . Ž .S  End U , then clearly Hom e R, U has the same lattices of submod-
ules as a left S-module and as a left S-module. The same remark applies
Ž . to Hom Re , V , regarded as a right T-module and a right T -module, with
 Ž .T  End V .
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Since R is left pure semisimple, it follows from Lemma 5.1 that, for a
Ž .given index , Hom e R, U is noetherian as a left S-module. Therefore,
Ž .Hom e R, U contains a largest submodule A of finite length. By Lemma 
5.7, every finitely presented right R-module is endofinite. Hence, by
Lemmas 5.8 and 5.9, it follows that there is a bijective correspondence
between the isomorphism classes of e R-preinjective right R-modules and
the isomorphism classes of the composition factors of the finite length
module A . This implies that the number of nonisomorphic e R-preinjec- 
tive right R-modules is finite.
Now we consider the duality functor D from the finitely presented left
S-modules to the finitely presented right T-modules. Because
Ž Ž .. Ž .D Hom e R, U Hom Re , V , there is a finitely generated submodule 
Ž . Ž .B of the right T-module Hom Re , V such that Hom Re , V B is of   
finite length and, moreover, the numbers of isomorphism classes of the
Ž .composition factors of the finite length modules A and Hom Re , V B  
are the same. By Lemmas 5.8 and 5.10, there is an injective map from the
Ž .isomorphism classes of the composition factors of Hom Re , V B into
the isomorphism classes of Re -preprojective modules. Therefore, we
conclude that there is an injective map from the set of isomorphism classes
of e R-preinjective right R-modules into the set of isomorphism classes of
Re -preprojective left R-modules.
Now suppose that the number of e R-preinjective right R-modules is
the same as the number of Re -preprojective left R-modules, for every
. It follows that, for every given , the above injective map is
bijective, so that for every Re -preprojective module N , there are finitely l
  Ž .  generated submodules B  C of Hom Re , V such that C B is simple
  Ž . Ž . Ž .and C B Q Rad Q as right T-modules , where Q Hom N , V .l l l l
Ž .  However, Mod T is locally coherent, so C and B are finitely presented
Ž .right T-modules. Hence it follows that Q Rad Q is also finitely pre-l l
Ž .sented, yielding that Rad Q is a finitely generated right T-module.l
Ž .Because Hom Re , V has the descending chain condition on finitely
generated submodules, there exists a finitely generated submodule A of
Ž .Hom Re , V which is minimal with respect to the property that
Ž .  Hom Re , V A is of finite length. We show now that A  0. Suppose
that A is nonzero. Then because it is finitely generated, it contains a
maximal submodule E. Since AE is a simple right T-module, by
Ž .Lemma 5.8 there is a finitely presented indecomposable module N l Jl
 Ž .  Ž .  such that A Hom Re , N  E Hom Re , N , and AE Q  l  l l
Ž . Ž . Ž .Rad Q , where Q Hom N , V . Clearly Hom Re , N is not containedl l l  l
 Ž . in E , and because Hom Re , V E is also of finite length, it follows from
Ž .Lemma 5.10 that N is Re -preprojective. As observed above, Rad Ql  l
  Ž .must be finitely generated; hence AE being isomorphic to Q Rad Ql l
is finitely presented as a T-module. Because A is finitely generated, hence
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Ž . finitely presented in Mod T , this implies that E is finitely generated.
Ž . Thus, we obtain a contradiction, because Hom Re , V E is of finite
length, and by our assumption A is a minimal finitely generated submod-
Ž . Ž . ule of Hom Re , V such that Hom Re , V A is of finite length. There- 
 Ž .fore we have A  0, i.e., Hom Re , V is of finite length. Since this is true
for all , we conclude that R is of locally finite representation type.
Conversely, suppose that R is a ring of locally finite representation type.
Ž .Then for each local idempotent e of R, we have that Hom e R, U and 
Ž .Hom Re , V are both of finite length as a left S-module and as a right
T-module, respectively. Moreover, by the duality D, these two modules
have the same number of nonisomorphic composition factors. By Lemma
Ž .5.8, there are only finitely many nonisomorphic modules M i I suchi
Ž .that Hom e R, M  0. It then follows immediately from Definition 5.4 i
Ž .that M is e R-preinjective if and only if Hom e R, M  0, and applyingk   k
again Lemma 5.8, we get that the number of nonisomorphic e R-preinjec-
tive right R-modules is precisely the number of nonisomorphic composi-
Ž .tion factors of Hom e R, U . Similarly, the number of nonisomorphic
Re -preprojective left R-modules is precisely the number of nonisomorphic
Ž .composition factors of Hom Re , V . Hence, these numbers are the same
for each  in . The proof of the theorem is complete.
If the left pure semisimple ring R in Theorem 5.11 is assumed to be left
locally finite, then we can strengthen the result by showing that the
number of nonisomorphic Re -preprojective left R-modules is also finite,
for each . Note, however, that left pure semisimple rings with enough
Ž  .idempotents need not be left locally finite see, e.g., 24, Example 2 .
PROPOSITION 5.12. Let R Re  e R be a left pure semisimple  
ring with enough idempotents. If R is left locally finite, then for each , the
number of nonisomorphic Re -preprojectie left R-modules is finite.
Ž op. Ž .Proof. By Theorem 2.10 there is a duality functor H: fp R  fp R ,
where R is a left pure semisimple ring which is right locally finite. Let
Ž op. Ž .Ind R and Ind R denote the sets of isomorphism classes of all finitely
presented indecomposable left R-modules and right R-modules, respec-
tively.
Suppose that M is a Re -preprojective left R-module, for a given index
Ž .  . We first show that H M is P -preinjective, where P is the projective
Ž .cover of the socle of H Re .
By the projectivity of Re , Definition 5.5 clearly implies the existence of
a cofinite subfamily F of Ind Rop and a morphism f : Re M such that,
Ž . Ž .for any morphism g : NM with N in add F , Im f is not contained in
Ž . Ž .Im g . By the duality H, the dual property holds in fp R . Hence, the
Ž . Ž . Ž .morphism H f : H M H Re satisfies the property that for any
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Ž . Ž Ž .. Ž .morphism h: H M  X, where X is in add H F , we have that Ker h
Ž Ž ..is not contained in Ker H f .
Ž . Ž . Ž .Note that H F is a cofinite subfamily of Ind R . Let UH M be
Ž . Ž . Ž .the reject in H M of the family H F . Since H M is of finite length,
Ž Ž .. Ž .there exist a module X in add H F and a morphism h: H M  X
Ž .such that UKer h . As observed above, U is not contained in the kernel
Ž .  Ž .Ž . Ž .of H f . Thus, U H f U is a nonzero submodule of H Re . How-
Ž . ever, H Re is a right R -module of finite length, so it has a finitely
generated essential socle K . Since P is the projective cover of K  and
K U   0, we get a nonzero morphism  from P to U , and  can be
 Ž .lifted to a nonzero morphism from P to U. This clearly shows that H M
is P-preinjective, by Definition 5.4.
Because R is left pure semisimple, it follows by the proof of Theorem
5.11 that the number of nonisomorphic P-preinjective right R-modules is
Ž .  finite for a fixed finitely generated projective module P . Since P is
uniquely determined by e , this implies by the duality H that the number
of nonisomorphic Re -preprojective left R-modules is also finite.
The next corollary shows that if a left pure semisimple ring R has a
Ž op.‘‘good’’ self-duality between the category mod R of all finitely presented
Ž .left R-modules and the category mod R of all finitely presented right
R-modules, then it is of locally finite representation type. It would be
interesting to know when a self-duality of R satisfies the condition of the
corollary. Clearly this holds for unitary rings, yielding Herzog’s result 27,
Corollary 5.3 that a left pure semisimple unital ring R with a Morita
self-duality is of finite representation type.
COROLLARY 5.13. Let R Re  e R be a left pure semisimple  
left locally finite ring with enough idempotents. Suppose that there is a duality
Ž op. Ž .functor H from mod R to mod R satisfying the property that e R gener-
Ž .ates the socle of H Re for each . Then R is of locally finite representation
type.
Proof. Let M be a Re -preprojective left R-module, for an index .
Ž .Because e R generates the socle of H Re , similar arguments as in the 
Ž .proof of Proposition 5.12 show that H M is e R-preinjective as a right
R-module. It follows now from Theorem 5.11 that the number of noniso-
morphic e R-preinjective right R-modules is equal to the number of
nonisomorphic Re -preprojective left R-modules, for each , and hence R
is of locally finite representation type.
 It can be shown, using the proofs of 16, Lemmas 3.2 and 3.3 , that if R
is a left pure semisimple ring with identity, then our definitions of
preinjective and preprojective R-modules coincide with the corresponding
 definitions by Herzog 27 . Also, such a ring R is always left artinian. As a
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consequence of Theorem 5.11 and Proposition 5.12, we recover the follow-
 ing result in 27, Theorem 5.2 which was proved under the additional
hypothesis that R is two-sided artinian.
Ž  .COROLLARY 5.14 Herzog 27 . Let R be a left pure semisimple ring with
identity. Then the number of nonisomorphic preinjectie right R-modules is
finite and is bounded by the finite number of preprojectie left R-modules.
Moreoer, R is of finite representation type if and only if these numbers are the
same.
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